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Johannes Kepler

Origins of Infinitesimal Calculus

Johannes Kepler (1571-1630)

Johannes Kepler, the German astronomer, cosmologist, and natural philosopher,
was a major transitional figure in the early Scientific Revolution. He is perhaps
hest known for discovering the three laws of planetary motion—planar elliptical
planetary orbits, equality of areas swept out, and the 3/2 (cube :square) ratio.
With these and other findings, Kepler helped to discredit the clumsy Ptolemaic
geocentric model of the heavens and to establish the Copernican heliostatic
theory, which he developed into a far more accurate heliocentric theory. The
first notable Copernican after Copernicus {except for Rheticus), Kepler was also
a founder of modern geometrical optics, providing the first correct explanation
of how humans see and coming close to formulating Snel’s sine law of refraction.
His wearing of eyeglasses (in an age when it was uncommon; served as a stimulus
to his study of the formation of images with lenses. Bold in his scientific ideas
and attracted to mystical speculation, he was congenial in his dealings with
others. He was known for his modest manner, ready wit, scrupulous honesty,
and wealth of knowledge.

Kepler grew up in unsettled times and surroundings. His father, Heinrich, was
a mercenary soldier; his mother, Katarina Guldenmann, was the guarrelsome
daughter of an innkeeper. Physically, Kepler was short, frail, nearsighted, in poor
health, and plagued by fears of fevers, stomach ailments, and impotence. Since
his family was impoverished, only the enlightened scholarship policy of the
dukes of Wiirttemberg made it possible for him to attend the University of
Tiibingen (1589-94), where he was a straight A student and was profoundly
influenced by Michael Maestlin, a cautious Copernican. After receiving the M.A.
degree from Tubingen in 1591, Kepler entered theological studies to prepare for
the Lutheran ministry. However, he changed the direction of his career in 1594,
when he accepted the position of teacher of mathematics at Graz in southern
Austria. Throughout his life he maintained strong theological and mystical inter-
ests, which he consciously strove to incorporate into his scientific work.

Kepler resided from 1594 to 1598 at Graz, where he taught arithmetic, astron-
amy, the poetry of Vergil, and rhetoric. An impecunious teacher at a Lutheran
school, he also compiled careful almanacs and skillfully cast horoscopes, even
though he considered astrology to be the foolish little daughter of respectable
astronomy. In the summer of 1595, he came up with the seminal idea of assigning
the orbits of the six known planets to spheres circumscribed around the five
regular polyhedra or “‘platonic bodies,” which were nested within one another,
Although the origin of this idea was not Baconian empiricism—it derived from
an aesthetic sense combined with a Platonic and Pythagorean vision of celestial
harmony—his geometrical schema did, in fact, provide the correct relations for
the distances between the planets and the sun. He explained the nesting idea
in Mysterium Cosmographicum ("Cosmographic Mystery,” 1596). In 1597 he
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married Barbara Miiller, who died in 1611. He had to leave Graz in 1598, when
Catholic authorities ordered the expulsion of all Protestant teachers from the
town.

After an unsuccessful attempt to join the Tibingen faculty, Kepler became
assistant to Tycho Brahe at the court of Rudolph Il in Prague in 1599. He was
part of a research group at Benatky Observatory. When Tycho died in 1601,
Kepler succeeded him as imperial mathematician and gained access to Tycho’s
incomparable register of astronomical observations. Using these he began to
construct the Rudolphine Tables, which provided far more accurate planetary
positions than those of earlier calculational astronomers. His were within 10’
of the actual position compared to earlier errors of 5°,

The Prague years (1601 to 1612) were the most creative of Kepler's life. In
completing a painstaking study of the orbit of Mars begun for Tycho, he discov-
ered that its orbit was an ellipse—with the sun at one focus—rather than a circle,
To sweep out equal areas, the planets had to move with varying, not uniform
speeds. These findings were a devastating blow to the Aristotelian cosmology
of rotating physical spheres as a source of planetary motions. That planets move
in elliptical orbits is his first planetary law. The first and second laws appeared
in his book Astronomia Nova (“‘New Astronomy,” 1609), in which Kepler also
presents a novel animistic-mechanical concept of inertia, if his word soul is
interpreted as acting as a physical force. The New Astronony shows its author to
be moving from the ancient geometrical description of the heavens to dynamical
astronomy. In 1610 Kepler praised Galileo’s astronomical Siderius Nuncius
(which many ridiculed) and used a telescope for the first time. Although increas-
ing pressure from his brother Matthias basically forced Rudolph It to abdicate
in May 1611, Kepler was required to remain in Prague until Rudolph’s death in
1612,

From 1612 to 1626, Kepler was imperial mathematician in the upper Austrian
capital of Linz, where local Calvinists considered him a renegade and Catholics
tried to make him a convert. In 1613, he married Susanna Reuttinger; they
had seven children. Continuing his research and writing, Kepler completed the
Harmonice mundi (““Harmonies of the World,”” 1618}, which contains his third
law. In this book, he maintains that the archetypal principles of the universe are
based on geometry and musical harmonies—a view that differed sharply from
Robert Fludd’'s more qualitative and alchemical view of the universe. He also
wrote a five-volume introduction to Keplerian astronomy, entitled Epftome Astro-
nomiae Copernicae (“Epitome of Copernican Astronomy,” 1618-21), whose
very title emphasizes the espousal of a new cosmology. After the poet John
Donne visited him in 1617, Kepler was offered a position in England in 1620,
which he declined. After skillfully intervening in that year to win acquittal for
his mother, who was being tried for witchcraft, he concentrated on attempting
to publish the Rudolphine Tables. However, these efforts were hindered by a
lack of funds (his salary was greatly in arrears) and by the ravages of the Thirty
Years” War (Lutheran printers around Linz had their houses and presses burned).
The printing of the Tables was finally completed at Ulm, Germany, in 1627,

After a siege of Linz in 1626, Kepler gained permission to move to Regensburg
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{also known as Ratishon), and the next vear he moved to Sagan in Silesia, with
the imperial commander-in-chief, Albrecht von Wallenstein, as his patron. Still,
he was nearly penniless without back pay. Leaving his family behind, he traveled
in 1630 to Regensburg to try to collect the salary owed him but died after
contracting an acute fever,

In addition to making his primary contributions to astronomy, cosmology, and
speculative physics, Kepler advanced mathematics. After refusing to confine
himself to classical Archimedean procedures for gauging volumes, he presented
a new, nonrigorous, but direct method in his treatise Nova stereometria doliorum
vinariorum (“New Solid Geometry of Wine Barrels,” 1615}, which measures
the actual volumes of wine casks by combining an infinite number of thin
circular laminae or other cross sections. His method, which extends the range
of Archimedes’s results, represents a step toward integral calculus, Also, by the
1620s he was among the first to use Napier's logarithms.

From Nova stereometria doliorum

vinariorum (1615)"

(Integration Methods)
— JOHANNES KEPLER

Part I. The Solid Geometry
of Regular Bodies

THEQOREM 1
We first need the knowledge of the ratio
between circumference and diameter,

Archimedes taught:

The ratio of circumference to diameter is about
22:7. To prove it we use figures inscribed in and
circumscribed about the circle. Since there is an
infinite number of such figures, we shall, for the

* source: These selections may be found in M, Caspar, ed.,
Gesammelte Werke (1960), IX, 13-16 and 47-49. The
English translation with notes added is taken from D. ),
Struik, ed., A Source Book in Mathematics 1200--1800,
192-97 and is reprinted with permission of Harvard Univer-
sty Press, Copyright © 1969 by the President and Fellows
of Harvard College.

sake of convenience, use the hexagon [Fig. 67.1].
Let a regular hexagon CDB be inscribed in the
circle; let its angles be C, D, B, its side DB, and
F the point of intersection of the two tangents at
D and B respectively. The line AF connects the
center A with F, and intersects the line DB at G,

D

Figure 67.1
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the curve DB at £. But as DGR is a straight line,
it is the shortest distance between D and B.

DER, on the other hand, being a curve, is not
the shortest distance between D and B. Hence
DEB is longer than DGR, On the other hand, BF
is tangent to the circle and therefore all parts of
the curve EB are between FB and GB; therefore,
if EB were straight, it would altogether be shorter
than FB. For AEB, FEB are equivalent to a right
angle, and, as EFB is an acute angle, £B, opposite
the smaller angle £FB, must be smaller than FB,
since this is opposite the larger angle. And we
can consider £B a straight line, because in the
course of the proof the circle is cut into very small
arcs, which appear to be equal to straight ines.!

Now since, as can be observed, the curve DEB
iscontained in the triangle DBF, it must be smaller
than the lines DF, FB, since it bends toward the
angle DFB, and still has not the slightest part
outside the lines DF, FB: but the containing,
according to common sense, is greater than the
contained.” This would be different, were the
curve DER winding and irregular,

But as DB is a side of the inscribed hexagon,
and DF, FB are two halves of the circumscribed
hexagon, arc DEB must be a sixth of the circle,
since it was greater than DB and smaller than DF,
FB; 6 DB is smaller than the circumference of
the circle and 12 DF (or FB) is greater than the
circumference.

But the side DB of the regular hexagon is equal
to the radius AB. Therefore 6 tadii AB, that is,
three diameters CB or (if the diameter is divided
by 7) /7 CB are shorter than the circumference.

And again, since DG, GB are equal, GB is half
of AB. The square of AB, however, is equal to
the sum of the squares of AG and GE and is
the quadruple of the square of GB. Therefore the
square of AG 1s three times the square of GB. The
ratio therefore of the squares of AB and AG is 44
of the lines, therefore the ratio AB:AG is V¥,
that is, the ratio of the numbers 100,000 : 86.603.°
But as AG:AB = GB:BF, then also BF: GB is
Vi/y and as GB is half of AB, for example, 50,000,
BF must have about 57,737 of such parts. Twelve-
fold this total number therefore will be greater

than the circumference of the circle. Computation
gives the number 477,974 for those circles which
have 200,000 for diameter. And those of diameter
7 have for twelve times BF the value 24 minus Yo,
But this number is greater than the circumference
itself; on the other hand the number 21 is smailer
than the said circumference. And it is obvious
that the curve BE is nearer to BG than the line
BF. The circumference therefore is nearer the
number 21 than 24 — Vie* We suppose it dif-
fers by 1 from 21, from the other by 2 — v,
and that it therefore doubtless is 22. This, how-
ever, Archimedes shows much more accur-
ately by means of multisided figures of 12,
24, 48 sides; there it also becomes apparent how
little the difference of the circumference from
22 is. Adrianus Romanus proved by the same
method that when the diameter is divided into
20,000,000.000,000,000 parts, then about
62.831,853,071,795.862 of those parts make up
the circumference.’

Remark | Episagma). Of the three conical lines,
which are called parabola, hyperbola, and ellipse,
the ellipse is similar to the circle, and T showed
m the Commentary on the motions of Mars that
the ratio of the length of the elliptic line to the
arithmetic mean of its two diameters (which are
called the right and transversal axes) is about equal
w2270

THEOREM 11

The area of a circle compared with the area of
the square erected on the diameter has about
the ratio 1] 14.

Archimedes uses an indirect proof in which he
concludes that if the area exceeds this ratio it is
too large. The meaning of it seems to be this [Fig.
67.2].

The circumference of the circle BG has as many
parts as points, namely, an infinite number; each
of these can be regarded as the base of an isosceles
triangle with equal sides AR, so that there are an
infinite number of triangles in the area of the
circle. They all converge with their vertices in the
center A. We now straighten the circumference
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of circle BG out into the line BC, equal to il
The bases of these infinite triangles or sectors are
therefore all supposed to be on the straight line
BC, arranged one next to the other. Let BF be
one of these bases, and CE any other, equal to it,
and let the points F, £, C be connected with A.
Since there are as many triangles ABF, AEC over
the line BC as there are sectors in the area of the
circle, and the bases BF, EC are equal, and all
have the altitude BA in commeon {which is also
one of the sectors), the triangles FAC, BAF will
be equal, and equal to one of the circle sectors.
As they all have their bases on BC, the triangle
BAC., consisting of all those triangles, will be
equal to all the sectors of the circle and theretore
equal to the area of the circle which consists of
all of them. This is equivalent to Archimedes’
conclusion by means of an absurdity.

It now we divide BC in half at H, then ABHD
forms a parallelogram. Let DA intersect AC in 1.
This parallelogram is equal to the circle in area.
Indeed, CB is to its half CH as AR (that is, DH)
is to its half FH. Therefore /H = ID and HC =
DA (equal to BH}. The angles at [ are equal, and
those at D and H are right angles. The triangle
ICH, which is outside the parallelogram, is equal
to triangle JAD by which the parallelogram
exceeds the trapezoid ATHB.

If now the diameter GB is 7 parts, then its
square will be 49. And since the circumference
consists of 22 such parts—hence also BC—its
half BH will consist of L1, hardly more or less.
Multiply it by the semidiameter 3'/2, which is AB.
and we get for the rectangle AH 38'4 |38 semis).
Therefore, if the square of the diameter is 49, the
area of the circle is as twice 49 or 98 to 77.
Dividing by 7 we obtain 14 to 11. Q.E.D.

COROLLARY 1

The area of the sector of a circle (consisting of
straight lines from the center intersecting the
arc) is equal to the rectungle over the radius
and half the arc.

[Corollary 2 deals with the area of a seg-
ment of a circle.

The next theorems deal with the cone, cyl-
inder, and sphere. In a supplement Kepler
introduces conic sections and solids gener-
ated by these curves. Among the solids he
discusses we find the torus, which he calls a
ring |annuius|.]

THEOREM XVII11

Any ring with circular or elliptic cross section

is equal to a cyinder whose altitude equals ihe

length of the circumference which the center of
the rotated fipure describes, and whose base is
the same as the cross section of the ring.’

By cross section is meant the intersection of a
plane through the center of the ring-shaped space
and perpendicular to the ring-shaped surface. The
proof of this theorem follows partly from theorem
XVT* and can be established by the same means
by which Archimedes taught as the principles of
solid geometry.

Indeed, if we cut the ring GCD [Fig. 67.3] from
its center A into an infinite number of very thin
disks, any one of them will be the thinner toward
the center A, the nearer its part, such as E, lies to
the center A than to F and the normatl through F
erected in the intersecting plane to the line ED.
It also will be the thicker the nearer it is to the

ﬂ;""’

Figure 67.3
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point D. At such two extreme points, such as D
and F, the sum of the two thicknesses will be
twice the one in the middle of the disk.

This consideration would not be valid if the
parts at E and D of the disk on either side of the
circumference FG and the perpendiculars through
F and G were not equal and equally situated.

COROLLARY

This mode of measuring is valid for circular
and for elliptical rings as well, high, narrow,
or reclining, for open and closed rings alike, as
indeed even for all rings whatever shape their
cross section may have {instead of the circle
ED)—so long as in the plane through AD
perpendicular to the ring the parts on either
side of F are equal and equally situated. We
shall explore this in the case of a square
section. Let the ring be of square shape and
assume the square to be on ED. This ring can
also be measured in another way. For it is the
outer part of a cylinder whose base is a circle
with AD as radius and whose height is DE.
From this eviinder, according to Theorem XVI,
the middle part has to be subtracted, that is,
the cylinder whose base is the circle of radius
AE and whose height is ED. The product,
therefore, of ED and the circular area AD
minus the circular area AE is equal to the
volume of the ring with a square as cross
secrion. And if ED is multiplied by the
difference of the squares of AD and AE, then
the ratic of this body to the fourth part of the
ring would be as the square to the circle,
therefore as 14 to |1, Let AE be equal to 2. AD
equal to 4, then its square is 16; but the square
of AE is 4, therefore the difference of the
squares is 12; this number multiplied by the
altitude 2 gives the volume as 24, of which the
quadruple is 96. Since 14 is to 11 as 96:75%7,
the volume of the square ring is 715%7. This is
according to the computation of Theorem XVL
And according to the preceding method, if AF
is 3, FG is 6. Since 7T isto 22 as 6 is to 19
minus ', this therefore will be the length of the
circumference FG, the altitude of the cylinder.

And since ED = 2, its square is 4. To obtain
the base of the cylinder, multiply therefore 4 by
(19 — \5). In this way also we see the truth of
the theorem.

THEOREM XIX AND ANALOGY

A closed ring is equal ro a cylinder whose base
is the circle of the cross section and whose
height equals the circuntference of the circle
described by its center.

As this method is valid for every ring, whatever
the ratio of AE and AF may be, therefore, it also
holds for a closed ring, in which the center £ of
the circle ED describes the circle FG, where FG
is equal to the rotated AD itself. This is because
such a closed ring is intersected from A in disks
that have no thickness at A and at D twice the
thickness of that at 7. Hence the circle through
D is twice that through F.

COROLLARY

The cylindric body that is created by rotation of
MIKN [Fig. 67.4a}, the four-sided figure of
straight and curved lines, is according to the
same consideration equal to a column with this
figure as base and the length of the circle FG
as height. But the outer fringe IKD that
surrounds the cylindric bodv—as a wooden
hoop surrounds a barrel—clearly does not
vield to this theorem, and musi be computed by
other means.

fu)
Figure 67.4
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ANALOGY

Moreover, this method is valid for all cyvlindric
bodies or parts of apples {or figs), no matter
how slender, until I, K coincide with M, N,
which happens in the formation of the sphere
[Fig. 67.48], where instead of the two lines MN
and IK there exists only one, namely, BC. For
this body the demonstration and use of this
theorem fail for the first time.

COROLLARY

The ratio of the sphere io the closed ring
created by the same circle is 7 to 33, since
one-third of the radius multiplied by four times
the area of the greatest circle, or two-thirds of
the diameter multiplied by the area of the
greatest circle, produce a cylinder equal to the
sphere.” And a cvlinder equal to the closed ring
has the same base, and its altitude is the
circumference [formed by the center].
Therefore as the circumference is to two-thirds
of the diamerer, that is, 33:7," so is the ring to
the sphere."!

Struik’s Notes

1. This statement ot Kepler's was attacked by Paul Guidin,
in his Centrobaryca seu de centre gravitatis (2 vols.:
Vienna, 1635, 1641}, There exists no geometric proof
whatever, wrote Guldin, that a circular arc, be it as small
as you like, may be equated to a straight line. Guldin
(1577-1645), a Swiss-born Jesuil mathematician who
taught in Rome, Vienna, and Graz., was critical not only
of the methods of Kepler, but also of those of Cavalieri.
His book also contains the “‘rules of Guldin'*: see note 7,
. Here Guldin criticized again: if this were evident, then
Archimedes would not have found il necessary (in De
sphaero et evlindre) 1o prove thal the circumierence of a
polygon circumscribed about a circle is larger than that
of a circle: “‘In geometry we should not trust o much
in what is evident.”
. Kepler wroke ‘one-halt of 437" | semisesquitertia], express-
ing the square root by “*one-half,”” a mode of expression
that goes back to Boethius (sixth century A.D.) and even
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. The text writes
10.
1.

to Euclid. . . . This mode of expression, with its “*logarith-
mic”” flavor, has a relation to the ancient theory of music.

. The actual value is 12 - %4 tan 30° = 24.25. Kepler wriles

*24, minus decima.”’

Adrizen Van Roomen (1651-1615) had published this in
his ldeae mathematicae {(Louvain, 1393},

For this approximation of the circumference C of the ellipse
of semiaxes @ and b as C = *a + b), see Kepler's
Astronomia nova (Heidelberg, 1609), Gesammelte Werke,
cd. Caspar, 111, 368, This statement of Kepler's was also
criticized by Guldin. However, for planetary orbits, with
small eccentricity, Kepler's approximation was not bad;
it developed up to fourth powers of the cccentricity e, it
is only {/=)me’ greater than the circumference C {ibid.,
I, 484; TV, 480).

. In Theorem I and Theorem II Kepler had replaced Archi-

medes’ reductio ad absurdum with a more direct proof,
and in a vague way identified che points on the circumfer-
ence with very small segments. His reasoning reminds us of
Antiphon; see T. L. Heath, Manual of Greek Mathematics
(Clarendon Press, Oxford, 1931), 140. In Theorems XVIIL
and X1X we find the solid divided into very small disks.
These theorems are special cases of the so-called Guldin
or Pappus theorem, which in the version of Pappus runs
as follows: ““The ratio of two perfect [complete| surfaces
of rotation is composed of the ratio of the rotated areas
and of that of the straight lines drawn perpendicularly to
the axes of rotation Irom the centers of gravity of the
ritated areas of the axes™": Pappus, Mathematical Collec-
tion, Book WVII, trans. Ver Eecke (see Selection IIL3,
note 1}, pp. 510-511. It should be pointed out that some
scholars believe that this theorem is a later insertion, Kepler
and Guldin probably found their theorems independently
of Pappus,

The special case of the torus, which interested Kepler
here, can be found in Heron’s Metrica (ca. a.n. 100}, where
it is attributed to a centain Dionysodoros {probably second
century B.c.}, auther of a lost treatise on the torus (Heath,
Manual of Greek Mathematics, p. 385). Guldin, referting
to Kepler's theorcms on figures of rotation, stated his own
rules and pointed out that Kepler had almoast found them.

. Theorem X VI deals with the ratio of conical segments of

the same height and different bases.

“‘cobe.’”

The ratio is 3or: 2.

On Kepler there cxists in English a symposium of the
History of Science Society, Johann Kepler [571-1630. a
Tercentenary Commemoration of His Work (Williams and
Wilkins, Baltimore, 1931). [See also Angus Armitage,
John Kepler (Faber and Faber, London, 1966).]



