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10 ROBERVAL. THE CYCLOID

The cycloid has been traced back to the French theologian and mathematician Charles
Bouvelles (e. 1470 1553). Galilei was attracted by it, and wrate in a letter to Cavalieri of
February 24, 1640 {Opere. Edizione nazienale {Barbera, Florence, 180-1909), XVIII,
153-154): ““More than 50 years ago this eurved line came to my mind and I wanted to
describe it, admiring it beeause of its most gracious curvature, adaptable to the arches of a
bridge. I made several tentative calculations on it and on the space coemprised between it
and its chord, in order to demonstrate some praperty. And it seemed at first that such space
may be three times the cirele which it describes, but it was not that.” Galilei gave the curve
its name.

About 1630 Father Marin Mersenne (1588-1648), a correspondent of Descartes, Fermat,
and many other mathematicians, suggested the cycloid as a tost curve fur the diffcrent
methods of dealing with infinitesimals. Tt soon became one of the most discussed curves of
the period, the discussion oceasionally leading to acrimonjous remarks, so that the curve
has been compared to an apple of discord or called the Helen of the geometors. Among those
who took up the challenge of Mersenne was Gilles Personne de Roberval {1602-1675), a
professor of mathematics in Paris at the Collége du Roi (now Collége de France). From his
Traité des indivisibles (1634; first published Paris, 1693; reprinted Paris, 1730; Amsterdam,
1736} we present here a section on the cyeloid, translated rather freely {the original is some.
what prolix) by K. Walker in A study of the Traité des Indivisibles (Toachers College, New
York, 1932). It shows how Roberval handled indivisibles,! and how he introdaced the so-
called eompanion of the cycloid, that is, the sine curve, which was long known under this
uame, even in the days of Euler. Roberval usually called the cveloid a roulette, a custom
followed by Paseal; another name was trackoid (after Greek trockos, wheel). We have, with
Walker, uged the now customary term eycloid. The interest in this curve was also connected
with the age-old specnlation concerning the rola dristotelis (see Selection 1v.3).

On Roberval see further 1., Auger. Un savant miconnu, . P de Roberval (Blanchard,
Paris, 1962), On his mathematios see also C. B. Boyer, The history of the caleulys (Dover,

VIt is eloar that Roberval, like Cg valieri, uses the method of indivisibles, of which he may
have becn an independent discovorer Walker, 1 study of the Traitd des indivisibles, 15, 142y,
but his view was somewhat, different. Ho made cloar in his Trairé thet the phrase “the
infinite nunber of puints” stands for the infinity of little lines which make up the whole
line; see Bover, Hastory of the calcadus, 141-1432.
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New York, 1949). On the eycloid see B, A. Whitman, “Some histarical notes en the cveloid,”
American Mathematical Monthly 50 (1943), 309-315. ' '

We follow here, with some modifications. the text in Walker, 174-177, 219-222 corre.
ponding to pp. 209f of the 1736 edition of Roberval's Traité. The Walker version also
ntroduces some modern symbalism, and the division into Propositions 1, 2. . js Walker's,
fer book alss contains transtations and paraphrases of other sections of the Traité.

T'o Generate the Cycloid. Let the diameter AR [¥ig. 1] of the circle AEG' B move
along the tangent A¢, always remaining parallel to its original position, until
it takes the position €. and let AC be equal to the semicircle 4GB, At the same
time, let the point 4 move on the semicircle A%E, in such a way that the speed
of 4 B along AC may he equal to the speed of A along the semicircle 4GB, Then,
when A B has reached the position €1, the point 4 will have reached the posi-
tion D, The point 4 is carried along by two motions—its own on the semicirele
AFEGRE, and that of the diameter aleng 4C. The path of the point 4. due to these
two motiens, is the half eycloid A ... D, the second half being symmetrical
with the first.
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Fig. 1

The Nature of the Cycloid. Let the line A€ and the semicirele AGE be divided |
into an infinite number of parts such that are AE = are BF = j

= line AM = line ¥N — line NO) — . ...

Draw the sine £F, perpendicular to the diameter AR, and the versed sine AE,
is the altitude of 4 when it hag come to E. Similarly draw FF,, Gf7,, eto.

Let MM, be parallel and equal to AE,, NN, parallel and equal to 4F,, ete.
Let M, M, be parallel to 4C and equal to EE,, N\ N, parallel to AB and equal
to FF,, ete, [Roberval's notation for My Ny oL 20 for My, N s
8.9 ...]

When the dinmeter has reached the point M, the point 4 will have reached
the position B, the distance of 4 above AC will be MM, = AE,. and the djs-
tance of 4 from the diameter 4B will be EE, = M, M, hence when the
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diameter is at M the point 4 is at M,. In the same way, when the diameter is
at IV the point 4 is at ¥y, ete. We thus get two curves, one AM N, .. B, D,
and the ather AM,¥, ... R,J0. The first of these is the path of the point A4,
which is the first half of the eycloid.

The Companion of the Cycloid. The curve drawn through the points AM, ¥, - ..
E, D, is known as the companion of the cyeloid 2

Proposition 1. The area of the figure included betiseen the cycloid and the com-
panion of the eycloid is equal to the area of half of the generating circle.

Proof. Within the figure AM N, .- - D N\ M, .. 4 we have M, M, = EE,,
NN, = FF,, 0,0, = GG, cte.

Now M, M, NN, 0,0, divide this figure into strips whose altitudes are
AE,, E\F,, F\(,, ..., while EE,, FF,, G, ... divide the semicircle AHB
into strips having the same altitudes. Hence the corresponding infinitesimal
strips are equal. Thercfore the area of the figure AM,N, - I . N M, ... 4
is equal to the arca of the semicirele AH B3

Propasition 2. The aren of the figure included between the cycloid and its base is
equal to three times the area of the generating circle.

Proof. The companien of the cyeloid, the curve 4M N, ... [, hisects the
parallelogram A BCD, since to each line in ACDM, there corresponds an equal
line in ABDM .

Therefare the area of ACDM, = } the area of ABCD
=%+ . . . 2circle AGR
= . ., cirde AGB.

Therefore the area of ACDM, = ACDM, + AM, - D.. M,
= circle AGE +  circle AGHR
= 2 circle AGE.

Doubling, the area between the whole eycloid and its base is equal to three times
the arca of the generating cirele.

Proposition 3. To construct a tangent to the cycloid.

Construction. Let R, he the given point at which the tangent is to be drawn.
Draw R, R, parallel to A7, Draw R, I’ tangent to the generating circle RE, and
make R,I7 = R, R,. Complote the parallelogram R,T7V.R,. and draw the diag-
onal Eo¥. Then R,V is the required tangent.

FProof. The direction of the motion of the point B, which is due to the motion
of 4% along AC is Ry R;: the direction of the motian of the point R, which is
due to the motion of the point 4 on the circamference is B,07, and sinee these
motions are always equal, it follows that Ry R, must equal R/, Therefore X,V
18 the tangent to the eycloid at R, sinece it is the resultant of the two motions,

¥ Tho ' eompanion of the cyelnid™ is a sine curve. If A€ is taken ns the X axis, 4 7 as the
Y-axis, its equation is, in our notation, ¥ = 1 — ¢os .

?When arec AF = g [radins B = 1], then the equation of the cyeloid is = = ¢ — sin ¢,
y=1- cos g andthearen A, DM, 4 = [T {p — ¢ + singi?dy = Jg sin? g dg = =/2.
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Addendum. If, instead of being equal, the magnitudes of the two motions had
been in some other ratio, the paraltelogram would have heen constructed with
its gides in that ratio.?

The next 22 Propositions deal with a number of area computations and other integrations.
Curves discussed include the parabela, the limagon of Pascal (which Roberval calls the
conchoid of the circle), ring surfaces, the hyperboloid of revolution (which Roberval calls
the hyperholic conoid), cones, spheroids, the conchoid of Nicomedes, and the curve intro-
duced as follows, which is known as the hippopede of Eudexus.®

Proposition 26. On the surface of a right cylinder draw a line enclosing an areq
equal to the area of @ given square, and that with a single stroke of the compasses.

Construction. Let AB [Fig. 2] be the side of the given square. Bisect AB at €.
Describe a circle FME whose diameter FE is equal to AC. Construct a right
cylinder whose midsection is the circlte FME, and whose altitude is equal at

A C B e
Fig. 2 . Fig3 A
f
M
|
.

least to 2FE. With ¥ as a fixed point. and with an opening of the compasses
equal to FE, draw a closed curve X T Z on the cylinder [Fig. 3). Then XY Z is
the required curve enclesing an area equal to the square on A B.

1 The tengent construction uses kinematic concepls and is rolated $o the method of Archi-
medes in his hook On spéirals; spe T. L. Heath, The works of Archimedes {Cambridge
Univorsity Press, Cambridge, England, 1897; reprint, Dover, New York), 151ff, esp. Props.
16-20. While Roberval used Greek methods to find tangents, his contemporary Fermat was
laving the foundetions of the present method, based on the derivative (see Seloction IV.8).

5 This curve, which plays a role in the planetary model constructed by Eudoxus {fourth
contury B.C.). was one of the curves discussed by Mersenne, Fermat, Roberval, and other
mathematicinns of their day. including the Toulouse mathometicien Antoine de Lalouveére,
who ealled the curve eycloeylindrique; Velerum geometria promota in seplem de cycloide libras
(Toulouse, 1660). The curve is the intersection of a sphere with a cylinder.
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The proof is based on dividing the cirecumnference FME into an indefinite number of

equal parts. Then the text continues with the integration of the squares of sines and cosines,
as follows.

Proposition 32. The swm of the squares of the sines on a semicirele is equal iy
onc-eighth of the square of the dinmeter taken as many times as there are sines.

Proof. Let the circumference FRE (center D = 87) be divided into an infinite
number of equal parts, and let all the lines BS represent the sines of the succes.
sive arcs [Fig. 4, where the are R, F is divided into n — 10 equal sectiong by
B Ry - Ry, and similarly for the arc E E]. Now

DR = RS? + DS?,
DR} = R,S3 + DS2,

But

RS, = sin (BR))

RS, = sin {ER;)
and

DS,y = sin (90° - ER)
= RS,

Likewise,

RS, = sin (ER,)
and

DS, = RyS, .

Thus each line D is equal ta a corresponding line B8 which is the sine of one
arc. Therefore, adding,

n- DR = 2 z RS? (from zero to DR,) = n-} - EF?,
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where # represents the measure of the quadrant are. But in the semicircle there
will be twice as many sines as we have here. Hence

2.3 RS 1

2.n-EF2 8

or, since 2r js the measure of the semicircle, the sum of the squares of the sines
in a semicircle is one-cighth of the square of the diameter multiplied by the
number of units in the semicircle.®

Proposition 33. The sum of the squares of the versed sines in a gemicircle is
three-cighths of the sguare of the diameter taken as many times as there are versed

sines.”

Proof. FE? = FS} + Sgk? + 2598, -S,E
FS2 4 S E? + 2R.SE,
FS2 + SE? + 2RySE,

FE?

Adding:
2. FE? = Z FS?+ > SE? 4 2(2 z RS),

where 2n = semicircle FRE; the sum 3 is taken from 0 to FE and 3’ from
0to RD. Now by Proposition 32, »- FE? = 8§ 5’ RS?; therefore

82 Z RS?) = 2 Z FS? 4 2.2 z Rs?)
whence
6(2 Z RS?) =2 z FSe,

or

2> RS =} > Pa

But by Proposition 32,

2> RS = Y(2n-EF).

* Henre ‘,g sin® pde = §-4-7 = n/2. Compare this result with that of Pascal (Solection
IIL.7). In those days sines were tekon as line segments, whosoe length depended on the radiue
R of the circle. The custom of taking B = 1, rnd hence of regarding sines {and cosines,
tangents, ote.) ax ratios, beging with Euler, Introductio in analysin infinitorum {Lausanne,
1748).

7 The versed sines were introduced by versed sin « = R — cos «. The companion of the
cyeloid is o versed-sino curve with respoct to BA and B(' as axes.
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Therefore
12n EF? = §Z Fe
ar

> ¥ = j2nEF?).

ar. in words, the sum of the squares of the versed sines in & semicirele is three-
eighths of the square of the diameter multiplied by the number of units in the
length of the semicircle.®

Proposition 34, The volume of the solid generated by the cycloid as it revolves
abowt its base line as an axis is equal o five-eighths of the volume of the circum-
seribed cylinder.

In Fig. 2 the lines ¥ M,. NN, ..., are versed sines, hence it follows from
Proposition 33 that

the solid generated by AN, D0 = § the cylinder A BN,
but
the solid generated by AN, DN, =] |, ” ABDC,

and thercfore, by addition,

the solid generated by AN, DC = § , . ARBDC.

But AN, is only one-half of the cyeloid, therefore the solid generated by
the whole cycloid is five-eighths of the whole cireumscribed cylinder.®

Natice that the solid generated by AN, DN, is equal to the solid generated by
the semicircle D€, because these two plane figures have their corresponding
lines equal each to each and at the same distance from the axis AC: and the
semicircle DG = } of the parallelogram A BDC, hence the solid AN, DN, =
1 of the cylinder A BDC.

11 PASCAL. THE INTEGRATION OF SINES

Roberval was one of the men who influenced Blaise Pascal (on Desargues’s influence see
Selection TT1.7}, who in his tarn wrote a treatise on the cyeloid, which he called a rounlette
{1658). The following paper, which still uses to a certain extent the notion of indivisibles,
shows how Pascal integrated sin"p, » = 1,2, 3,4, . ., making use thereby of a “*charac-

teristic triangle,” though not yet that of (dz, 4y, ds) which we often use now. It is entitled

Bj‘g(l —cosg)?dp = §.4-7 =3?ﬂ-
5m2

T

917[3(1 —vcosgPdp = §-dnom =
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Traité des sinus du quart de cercle (1659); Oeuvres, ed. L. Brunschwicg and P. Boutroux
(Hachette, Parts, 1014-1921), 1 X 60-76.

Pascal’'s paper differs from that of Roberval: {a) in liis partial rejfection of indivisibles;
{¥) in his more general choice of the limits of the integration interval, so that here we may
see a transition 10 the indefinite integral: ’

niz T
[ sin p dp = CO8 . sin? g deg =

kil
w & o 4

e 1
~§+§smqocoslp,

and =0 forth.

ON THE SINES OF A QUADRANT OF A CIKCLE

Let 4 BC [Fig. 1] be a gquadrant of a circle of which the radius 4 B will ke con-
sidered the axis and the perpendicular radins AC the base; let I be any point
on the arc from which the sine Iif will be drawn to the radius AC; and let DE
he the tangent on which we choose the points £ arbitrarily, and from these
points we draw the perpendiculars ER to the radius AC!

F

Fig. 1 B
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1 say that the rectangle formed by the sine? DJ and the tangent FE is equal
to the rectangle formed by a portion of the base (enclosed hetween the parallels)
and the radius 4 B.

For the radiug 4 is to the sine DI as EE is to RR, or to £X, which is clear
because of the similarity of the right-angled triangles DIid, EXE, the angle
EEK or EIN being equal to the angle DAL

Praposition I. The sum of the sines of any arc of a quadrant is equal to the
portion of the base between the extreme sines, multiplied by the radius.®

! The triangle EEK of this figure lad Loibniz to his early researches into the caleulus: it
gave him the idea of the " characteristic™ triangle. when EE is small. The segment EE is &
tangent in Pascal's essay. With Leibniz it became a chord. For the different forms of this
triangle see D. Mahnke, “Neue Einblicke in die Entdeckungsgeschichte der héheren
Analysis,"” Abkandlungen der preussischen Akodemie der Wissenschaften, Ki. Math, Phys. [
(19235), 1-64.

2 As with all authers up io the eighteenth century, Pascal’s sine of an angle ¢ is a line,
and not & ratio. It is what we now write R sin ¢, B being the radius of the circle.

3 This is equivalent to our formula f:; sin g dp = cos gy — €08 Pr.




