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Abstract

Among mathematicians, Jurij Vegais best known for his caculation of p to 140
decimd places. Although this achievement isonly asmadl part of hisfour-volume
Vorlesungen Uber die Mathematik, and his ten-place logarithmic tables were far more
useful, thevaue of p captured the imaginations of mathematicians. Here, we will look at
how and why Vega performed his famous caculation, and what makes it important.

Vega s Announcement

Vegaannounced hisvaue of p to the world in an aticlein volume IX of the Nova
Acta Academiae Scientiarum Imperialis Petropolitanae. He had presented the article to
the Academy (that is, it was read before the Academy; Vega did not have to attend) at the
weekly meeting of 20 August 1789. The article itsdlf gppeared in the volume of works
for the year 1791, and but that volume was not actudly published until 1795. All this
makes it confusing to try to attach a meaningful date to the work. Sitar, for example,
reports the date as 1795, while the St. Andrews web site on the history of mathematics,
MacTutor, givesit as 1789.

To complicate putting a date on Vega swork on p even further, the article in the
Nova Actais based on work that Vega had previoudy published in the Vorlesungen and
in his Logarithmic Tables

Some members of the scientific community may have known of Vega s work
before it appeared in the Nova Acta. Mogt, though, would not have known it, Snce most
of hiswork had been published only in German. This was atime when the Language of
Science was shifting from Latin to French. Many who might have been interested would
not have been able to read hiswork in German readily. Moreover, the heart of the work
on p isinthe middle of the much longer Vorlesungen, and so was easy to overlook. So,
thisarticle in the Nova Acta was Vegd sfirst work addressed to afirst-rate internationa
audience.

The Great Academies

The 18" Century had been a great erafor scientific academies. Four societies
dominated the scientific scene, the Roya Society in England, the Petersburg Academy in
Russia, Frederick 11I's Berlin Academy, and the Paris Academy. By the 1790's, the age
of the Academies was ending.

The Berlin Academy began to diminish with the desth of Maupertuisin 1759, and
then suffered even more when Euler |eft Berlin for St. Petersburg in 1766. Though the
great Lagrange replaced Euler in Berlin, the Academy continued to loseits energy, and it
lost much of its support when Frederick |1 died in 1786.

The Paris Academy had been swallowed in the turmoil of the Revolution of 1789,
but its decline had begun in the 1760’ s because of a chronic shortage of funds.



Beginning in the 1720's, the Paris Academy had steered much research in science and
mathematics with its annud Paris Prize. The Prize was funded by an endowment,
invested in Parisred estate. The revenues from the redl estate were split between the
Prize and the funding of the other operations of the Academy. No revenues were
designated to maintain the red estate, so by the 1760's, the properties were faling into
disrepair and revenues were declining. Beginning in 1762, the Paris Prize was contested
only every second year, and that practice continued until the Academy was dissolved in
1793 in the wake of the Revolution.

Meanwhile, the Royal Society in England had spent much of the 18" Century in
the shadow of Isaac Newton. England then, asit is now, was an idand, and England
often took its isolation to go its own way, independent of what the Continent was doing.
So it wasin stientific affairs. The English generdly did not invite foreign membersto
their Society unless they were dready important members of other important societies.
Continental societies accepted foreign members on the basis of their accomplishments as
well as on the basis of the awards and titles they had accrued. This meant that the offices
of the Roya Society were closed to Jurij Vega unless and until he wasfirst recognized by
the great Continental academies.

Of the four Great Academies, this leaves the Petersburg Academy. It was not the
academy it had been before Euler died in 1783, but it till enjoyed the patronage of
Catherine I1, until her death in 1796, and the presidency of her favorite courtier, Princess
Etkaterina Dashkova. Moreover, Euler had left alegacy of wel over 250 articlesto fill
the pages of the Nova Acta for decades after his death. The Academy continued to
publish his articles in every volume of their journas until 1820, and the last of them was
only published in 1862, 79 years after Euler died.

Thus, it seemsthat the St. Petersburg Academy was the hedlthiest of the Greet
Academies on the continent of Europe, and the Roya Society was closed to continental
scientists who were not dready recognized and acclaimed elsewhere,

From dl this, we should conclude that the pages of the journa of the .
Petersburg Academy was the best possible place for Jurij Vegato publish his results.

The Nova Acta of the Petersburg Academy

As mentioned above, Vega s paper on p appeared in the Nova Acta of the SL.
Petersburg Academy. It isworthwhileto look at the journd itsdlf. The Nova Acta was
the fourth series of journas that the Academy published, beginning with the Commentarii
inthe 1720's. Every 15 or 20 years, the Academy would discontinue a series and begin a
new one. This practice continued until the Russian Revolution of 1917, which ended the
publication of the Academy’s eighth series.

A volume of the Nova Acta covered the activities of the Academy for one yesr,
and was usudly published between three and ten years later, depending on political and
economic circumstances. Volume IX was for the year 1791, and was published in 1795.

Each volume was about 600 pageslong. The bulk of the volume, the last 400
pages, were the Acta themselves, the scholarly papers written by members of the
Academy. Thisvolume includes ten posthumous papers by Euler, two by his son, Johann
Albrecht, who ran the observatory in . Petersburg for many years after hisfather's
deeth, and thirteen other articles on mathematics, biology and astronomy by eight other
members of the Academy.



Thefirst 200 pages, cdled the Histoire, told about the forma activities of the
Academy. Wefind news of the Prize Problem that had been posed in 1788 for the year
1791, on the chemicd nature of color. There were only five entries. The Academy
judged just two of the papers to be worthy, but decided to continue the problem until
1795, and added some remarks to clarify what they were looking for.

Thisisfollowed by a proclamation by Princess Dashkova, President of the
Academy, establishing a pension for aged and sick members of the Academy.

Other business of the Academy included the acquisition of books and specimens
for the library and museum, degths of members of the Academy, new members, and
accounts of the weekly meetings. Over hdf of the Histoire, 120 out of 200 pagesin
Volume I X, istaken up by treatises presented to the Academy by “ Savans érangers &
approuves dans les Assemblées.”

Vega s Paper in the Nova Acta

It is among these treatises by “ Savans érangers’ that we find Jurij Vega's
“Déermination de la démi- circonférence d’ un cercle dont le diamétre est =1, exprimée en
140 figures decimals.”

Itisashort article, only four pages. In brief, it saysthat Vegaused a “double
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A footnote, inserted by the editors of the Nova Acta, tdls us that Euler discovered
adifferent series, and that the article in which Euler explains this would be inserted into
Volume X of the Nova Acta. Infact, it was not inserted until Volume X1, the volume for
1793 that appeared in 1798. Volume X was a memoria volume, observing the degth of
Catherine I in 1796, and had no scientific content. It was the only volume published by
the Petersburg Academy between 1730 and 1820 that contained no papers by Euler. The
footnote tells us that Euler’s serieswas
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Vega used a different series because Euler’ s series converges moredowly. The
editor’ s footnote describes Euler’s series as “ala vérité, n'est pas 9 convergente que
celesde M. leMgor Vega”
Indeed, both series do converge rapidly. The table below shows the vaues

caculated by a spreadsheet (Excdl) for the first severa approximations. We see that after
just eight iterations, Euler’ s gpproximation has reached 14 decima places, the limit of the



precision of the spreadshest, but Vega s gpproximation reached the same accuracy after

just seven (or SX) iterations.

Euler's series
3.10336000000000
3.14098455893333
3.14158222775856
3.14159246817265
3.14159265021762
3.14159265352752
3.14159265358863
3.14159265358977

Vega's series

3.13544253680308
3.14155123586771
3.14159230145587
3.14159265027498
3.14159265355673
3.14159265358945
3.14159265358979
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Origins of Vega s |deas

The aticle in the Nova Acta, though, does not tell us why these series converge to
p. For this, we mus follow the footnotes. Vegarefersusto Volumell of his
Vorlesungen, while the editors send usto Euler’s article that would appear three years
later. We will follow Vega's own footprints fird.

InVolume Il of the Vorlesungen, Vegatriesto lift sudents from agebrato
cadculusin just one book. At over 700 pages, it isthe longest by far of the four volumes
of the Vorlesungen. (Volume | was 475 pages, Volumes il and IV were 433 and 320,
respectively.) Chapter 4, of seven, is afast-paced account of trigonometry, from the
point of view of functions. A student who reads only Chapter 4 might think what
trigonometry has more to do with functions and series than with triangles, but Vega
devotes Chapters 5 and 6 to practical mathematics. There, he shows that trigonometry
redly is about triangles by detailing gpplications such as surveying and mechanics.

Vegd s presentation is thorough and by no means eementary. A mark of his
thoroughnessis that he includes among his trigonometric functions the Chord. This had
been the fundamenta trigonometric function for Ptolemy, amost 2000 years earlier. By
Vega stime, it was seldom used, and now it has dipped entirdly from the curriculum. He
aso uses the versine, another now-forgotten trigonometric function that only vanished
about 50 years ago.

Heiswriting atext for an engineering style audience, so he does not dwell much
on the mathematica formdlities of theorems and proofs. About twenty pagesinto
Chapter 4, he begins to describe ways to use series to eva uate trigonometric functions.
He had done allittle bit of this a hundred pages earlier, where he evaluated a seriesto find
p to 35 decimd places.

Vegareverses the usud presentation of these series, though, by first giving the
seriesfor thearcsneof z,
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Then, usng methods he had given near the end of Volume | for inverting such
series, he gets the series for the sine, the point a which most presentations begin:
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He usesthisto find gn 1' to ten decimad places. Snce 1 minute is so close to zero,
he gets ten decima places of accuracy with just two terms of the series.

Except for the order of things, this materid isfarly sandard. He adds some less
familiar materid when he describes some results of Euler from arelatively obscure 1739
paper, “Methodus facilis computandi angulorum sinus ac tangents tam naturas quam
atificidis’. Both Euler and Vega describe series that give sin290" and cos90° to
eleven decimd placesin just eight terms.

A few pageslater, Vegaturnsto seriesfor inverse trigonometric functions. He
begins with a series for the arctangent that was known to Leibniz:

arctanx = x - Ex3 +—1x5 - —1x7+—1x °- —1x“...
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For x = 1, thisgives 7 but to get even three decima places of accuracy, one

must evauate 2000 terms. Thisisaresult for amathematician, not for apractica man
likeVega For smal values of x, the series converges much more rapidly. Vega,
following Euler, sets out to exploit this.
Two pages later, after investing a bit of time in some trigonometric identities,
Vegaderives
a-b
1+ab
Thisidentity can convert asingle series, like the arctan series above, into two
arctangent series with smaler arguments, so they will converge faster. Vegafirst takes
1 a-b _1
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Thisseries gives p to 15 decima placesin 21 steps, and what takesthe Leibniz
series 2000 terms, takes only four terms of each series. In fact, sincethe first series
converges more dowly than the second, one would do dightly better by taking about
50% more terms of the first series than of the second.

Vegatdls usthat “ Diese Reihe wurde von Euler angegeben.” Heisreferringto a
1737 paper by Euler titled “ De variis modis circuli quadraturam numeris proxime
expremendi.” In that paper, Euler developed the techniques that V ega describes, and, for
this series, he estimates that 154 terms would give 100 decima place accuracy. Euler,
though, did not do the calculations.

Vega continues, as Euler suggests, by expanding the second part of the double

8-b _1 qhsgves
l+ab 7

series, taking a :%, b :%,sothat



arctan1 = arctan£+ arctan%. It was clever totake b :%, snce that makes what would

have been atriple seriesinto adouble series, asfollows:

P arctanE + arctanl
4 2 3

= 2arctan l + arctan 1
3 7

Since % issmaler than % , the double series arising from this identity converges

fagter than the first one. Thisis essentidly the series Vega uses. His caculations go as
follows
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Here, Vega' s caculations diverge from Euler's. Vega combines each positive
term of each series with the negative term following it, to “telescope’ the series. Inthe
fird series, for example, thefirg pair of termsin the first series becomes

1 1 26 26 alb
3 33 81 14 %33 2
%g&% 9 If we continue this telescoping process for both series, and if we multiply both

2
sdes of the equation by four, we get exactly the series Vega describes in his paper in the

Nova Acta.
In the Vorlesungen, VVega derives two more particularly interesting identities. He

shows that

. Similarly, the firgt pair in the second series becomes

P = barctan 1 + 2arctani .
4 7 79

Since the denominators of these fractions are o large, the corresponding series
converge more rapidly than any serieswe have seen so far. They give 15 decimd place
accuracy in just 8 steps.

Vegadso finds that

P_ Sarctan i +5arctan i +2arctan i +2arctan i + 3arctan—.
13 21 31 43 57

The denominators here are even larger, and it would converge about four times
faster than the previous double series, but aso each step here is more than twice as
complicated as the previous series would have been. One wonders why Vega did not use
one of these seriesingtead of the one he did use. We cannot know, but perhaps it was
because by the time he discovered these series, he had dready started, or even completed,
the calculation with the series he did use.

Q- o



Why 140 Decimal Places Matter

Now that we have seen the technicd details of how Vega calculated p to 140
decimal places, it makes sense to ask why he undertook such along and difficult
cdculation. Thereisno practical use for such accuracy. With just 15 decimd places, the
circumference of a circle with radius equd to the distance between the earth and the sun
can be cdculated to within just one millimeter. Nobody needs such accuracy.

Nor is there much theoretica interest in the actua decima expanson of p. The
sequence of digits passes every test of randomness ever invented.

Yet Vegawas apractical man. It does not make sense to think that he would have
done so much tedious and precise work for no practica purpose. | fed surethat Vega
undertook this project to give credibility to his ten-place logarithm tables. The public
certainly would have believed that, to a man who could calculate accurately to 140
decima places, surely the ten place calculations would present no greet difficulties.

Thisleads us to ask why anyone would need ten place logarithm tables as well.
My younger colleagues may need to be reminded that, before the days of pocket
cdceulators, virtudly al caculations had to be done by hand. Certain caculations could
be done on dide rules, but they generdly gave only two or three decima place accuracy,
and were useful only for multiplication and divison and for certain specid functions. If
people needed more accuracy in multiplication or divison problems, then they either
performed the tedious ca culations by hand, or they used logarithm tables. To multiply
two seventdigit numbers by hand was roughly ten times more difficult than the same
caculation using logarithm tables, and the effort saved in divison was even grester.
There were, however, drawbacks to using tables. In generd, the number of sgnificant
figuresin an answer could be no more than the number of decimd placesin the tables.

Before Jurij Vega, the most accurate logarithm tables available were the seven
place tables calculated by Vlag and Briggs almost 200 years earlier. Such tables had
aufficed for along time. For mogt of that time, the very best ingruments gave only four
or five decimd places of accuracy.

By the 1770 sand 1780’ s, though, instruments were devel oped that measured
seconds of arc accurately. There are 324,000 seconds of arc in 90 degrees, o
trigonometric functions of arcs measured to seconds require dmost seven sgnificant
figures, right at the limits of the tables of the day. A navigator who could messure
seconds of arc could calculate his position to within about 30 meters.

Inthelate 1780's, though, even better instruments were designed and built.
Borda, for example, developed a surveying insrument called the Borda Repesting Circle,
which measured thirds of arc. A second is 60 thirds, and caculaions involving thirds
require eight and ahaf sgnificant figures. The old tables of Briggs and Vlag were
obsolete for the most sophisticated ca culations of the day, and the time had come for
new ten-place tables.

Vega s ten place tables were accurate enough for dmost al practica applications
for over 150 years, when they were eventuadly replaced by dectronics.

Vegaand Euler
Let usreturn to Euler’s paper published in 1798. We have shown how Vega's
work on p was closgly related to Euler's. Some of us may worry that Vega only



rediscovered something that Euler had done earlier, but had not yet been published.
Fortunately, that is not the case, as we will see aswe look more closdly at Euler’s paper.

Euler read “Investigatio quarundam serierum quae ad rationem peripheriae circuli
ad diametrum vero proxime definiendam maxime sunt accommodatae” at the weekly
mesting of the St. Petersburg Academy on 7 June 1779. When Euler had returned to St
Petersburg from Berlin in 1766, he had promised to leave enough unpublished papers for
the Academy to publish for ten years after his death. In fact, Euler left over 200 papers,
and the Academy published them in every volume of their journds, with the exception of
the memorid volume for Catherine I1, from his deeth in 1783 until 1830.

This paper, number 705 in the index of Euler’ sworks, was among those Euler
intended to be posthumous. Vega' s paper, though, made Number 705 timely, so they
published it earlier than they might otherwise have done. The paper was inserted into the
1793 volume of the Nova Acta, which spent five yearsin the printer’s shop and was
published in 1798.

Euler begins his paper with abrief history of p. 1n 1596, Ludolph van Ceulen
(1539-1610) had used a polygon with 60° 2* sidesto find the value of p to 20 decimal
places. Ever since, the number p has often been cdled the Ludolphine number. We note
that Ludolph had something besides an interest in p in common with Jurij Vega; he was
professor of mathematics and military science a the University of Leyden.

By Euler'sand Vegd stime, the record for digitsof p had advanced severa times.

In 1717, De Lagny used the seriesfor s = arctan% tofind p to 127 decimd places.
The series would have been
1 1 1 1 o)
=d ——= = .0
P J_g 38 58 78 98
Euler cdculates that De Lagny must have evauated a least 269 terms of this seriesto get

such accuracy.
Euler continues, reestablishing the identities we have seen here severd times now,

that
P _actent+arctant
4 2 3
= 2arctanl + arctan l
3 7
and that
a-»b
arctana =arctanb +arctan .
1+ab
Euler gpplies these identities two more times to get two more relaions:

p =12arctan L + arctan 2
7 11

= 20arctan 3 + 8arctan 3
11 79



Euler sops goplying identities here without telling us why, but we can check his
work and find that after thislast fraction, % , the seriesthat arise do not converge as fast

asthisonedoes. Indl of this, Euler does not give avaue of p beyond 31 decima
places. We seethat Euler’ swork here was subgtantialy different from Vega's, and Vega
can be cleared of any suspicion that he was just rediscovering Euler’ s work.

Conclusions

Beckmann derides people who sought to find more and more decimal places of p
as“digit hunters” We have seen though, that VVega s record for the digits of p was more
than that. Hiswork was based on some good mathematics, and he had solid motivation,
in the context of his 10-place logarithm tables and the increasing needs of his time for
more and more accurate tables, to demondtrate his skills as a high-precison compuiter.
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